Abstract. The Reidemeister orbit set plays a crucial role in the Nielsen type theory of periodic orbits, much as the Reidemeister set does in Nielsen fixed point theory. In this paper, extending Cardona and Wong's work on relative Reidemeister numbers, we show that the Reidemeister orbit numbers can be used to calculate the relative essential orbit numbers. We also apply the relative Reidemeister orbit number to study periodic orbits of fibre preserving maps.
Introduction
Nielsen fixed point theory has been extended to a Nielsen type theory of periodic orbits [9, III.3] . In fixed point theory, the computation of the Nielsen number often relies on our knowledge of the Reidemeister set, that is the set of Reidemeister conjugacy classes in the fundamental group. Our aim in this paper is to introduce relative Reidemeister orbit numbers and show that the relative Reidemeister orbit numbers can be used to calculate the relative essential orbit numbers, and as application, we use the relative Reidemeister orbit numbers to study periodic orbits of fibre preserving maps.
In Nielsen fixed point theory, the relative theory was introduced by H. Schirmer [11] . The relative Nielsen number has many connections with Nielsen type theory. The relative Nielsen number of a map f : (X, A) → (X, A) is defined by N (f ; X, A) = N (f ) − N (f, f A ) + N (f A ), where N (f, f A ) denotes the number of essential common fixed point classes of f and f A . The relative Reidemeister number in [2] is defined by R(f ; X, A) = R(f ) − R(f, f A ) + R(f A ), where R(f, f A ) is the number of Reidemeister classes of homomorphisms induced by f , which satisfies certain conditions. A Jiang-type theorem for a map of pairs was also proved.
Let X be a compact connected polyhedron, and A ⊂ X a finite subpolyhedron. Let f : (X, A) → (X, A) be a map of pairs. We define the relative Reidemeister n-orbit number of f by RO (n) (f ; X, A) = RO (n) (f A ) + RO (n) (f ) − RO (n) (f, f A ), and prove a Jiang-type theorem for this number as follows: Under certain conditions, we have
where EO (n) (f ; X, A) is the relative essential n-orbit number introduced in Section 2. Note that here although in the relative Reidemeister number we can choose the base path in the component of A identical with the base path in X, in the relative Reidemeister n-orbit number the base path for the component does not inherit the base path in X.
We consider a fibre preserving map f : E → E of a Hurewicz fibration p : E → B of compact ANR's. It induces a mapf : B → B. We generalize the relationship between relative Nielsen theory and Nielsen theory for fibre preserving maps as obtained in [4] and [2] as follows: Under suitable conditions, certain relative essential n-orbit number of f can be calculated by a Reidemeister n-orbit number as follows:
where g is the fibre preserving map from the Reducing Lemma in [10] , ξ is a set of essential n-orbit representatives forf , ξ n is a reducedḡ-invariant set with respect to ξ, i is the length of the essentialf -orbit class containing b i ∈ ξ, m i = n/ i , and F ξ n := ∪ b∈ξ n p −1 (b). The paper consists of four sections. In Section 2, we define the relative Reidemeister n-orbit numbers and prove some of their properties. The relative essential n-orbit number of f on the pair is defined and a Jiangtype theorem is proved in Section 3. In the last section we apply them to fibre preserving maps.
For the basics of Nielsen fixed point theory, the reader is referred to [1] and [9] .
Relative Reidemeister n-orbit numbers
Let X be a compact, connected polyhedron, and A ⊂ X a finite subpolyhedron. Let f : (X, A) → (X, A) be a map of pairs. Let A = ∪A k be the disjoint union of all the connected components of A, then we define the restrictions
We denote by Fix(f ) = {x ∈ X | f (x) = x} the fixed point set of f . Two fixed points x, y ∈ Fix(f ) are Nielsen related if there is a path λ from x to y such that f (λ) is homotopic to λ by a homotopy keeping the end points fixed. This relation divides Fix(f ) into a finite number of fixed point classes of f . The set of fixed point classes will be denoted by FP (f ).
Let n > 0 be a given integer. Then f acts on the set FP (f n ) of n-periodic point classes of f by F f n → f (F f n ). In [10] , the f -orbit of a class F f n is called an n-orbit class, denoted by F [10] for details).
Let x 0 be the base point in X, and take a path w from x 0 to f (x 0 ) as the base path for f . The induced endomorphism f w * :
For n > 1, we have (f n ) wn * = (f w * ) n if the base path for f n is taken to be w n := wf (w) · · · f n−1 (w). For the sake of convenience, denote the induced endomorphism f w * : π 1 (X, x 0 ) → π 1 (X, x 0 ) by ϕ, and π 1 (X, x 0 ) := π X . Note that the endomorphism f w * depends on the homotopy class of w.
Remark 2.1. If x 0 is an n-periodic point of f , then w n is a loop at x 0 . Thus we have (f
x 0 * , where x 0 is the constant path at x 0 .
Given ϕ : π X → π X , we have the Reidemeister left action of π X on π X , given by
The Reidemeister classes are the orbits of this action, and the set of Reidemeister classes is denoted by R(ϕ). The Reidemeister number of f is given by R(f ) = R(ϕ), where denotes the cardinality.
Let n > 0 be a given integer. Then ϕ acts on the Reidemeister set
In [10] , the ϕ-orbit of a Reidemeister class [α] ϕ n is called the Reidemeister n-orbit of ϕ, and denoted by [α] (n) ϕ . The Reidemeister n-orbit set of ϕ is the set of all such ϕ-orbits, denoted by RO (n) (ϕ). The Reidemeister n-orbit number RO (n) (f ) is defined to be the cardinality of the set RO (n) (ϕ). The length of the orbit [α]
It is well known that every fixed point class of f is assigned a Reidemeister class in R(ϕ), called its coordinate. We get an injection
for any path c from x 0 to a point x in F f . Thus we also get an injection
f . The following example shows that the coordinate of a fixed point class depends on the choice of the base point of the space (and base path for f ).
Since the degree of f is 3, N (f ) = 2 (see [9] and [6] ). The fundamental group π 1 (S 1 , 1) ∼ = Z is generated by the path η obtained by travelling S 1 once, starting at 1, in the counterclockwise direction. If we take the constant path at 1 as base path for f and
ϕ is the coordinate of {1} ∈ FP (f ). Now select the path c to be the arc of S 1 from 1 to −1 passing through the north pole.
is generated by the path ζ obtained by travelling S 1 once, starting at −1, in the counter-clockwise direction. If we take the constant path at −1 as base path for f and let ϕ = f −1 * , then [0] ϕ is the coordinate of {−1} ∈ FP (f ). Now select the path λ to be the arc of S 1 from −1 to 1 passing through the south pole. For m | n, we have a commutative diagram of pointed sets
where the vertical maps are projections, and the horizontal maps are induced by the level-change function ι m,n :
ϕ reduces is its depth. The depth of an n-orbit class is defined by the depth of its coordinate. A Reidemeister orbit [α] (n) ϕ ∈ RO (n) (ϕ) is said to have the full depth property if its depth equals its length, i.e., d = (see [10] ).
Proposition 2.4. For any m | n, the following diagrams commute:
where γ is the function induced by inclusion.
Proof. See [6, Proposition 1.14].
Proposition 2.5. For the base path w n at x 0 as above, for any path
Proof. See [6] and [14] . Proposition 2.6. For the base path w n at x 0 as above, for any x ∈ X, let u be a path from x to x 0 , and λ a path from x to f (x). Then there is an index preserving bijection
Proof. See [6] and [14] .
Note that the concept of depth of an f -orbit class does not depend on the choice of the base point and the base path for f (see [ 
− −−− → X of path-connected spaces (for full details see [7, 3.3] 
, let w be the base path for f from x to f (x) in X and w n the base path for f n . Let ϕ = f w * . Since A k is f c(j) -invariant, we can take the base path µ for f 
where i k,F P is a function induced by the inclusion, i k,c(j) is a function induced by the inclusion i k and r µ m j ,w n , and the map σ is induced by the inclusion.
Proof.
be the homomorphism induced by i k . Since a fundamental group can be identified with the group of covering translations, we have a well-defined map i k, * :
(see [9] and [2] ). Since w n = (w c(j) ) m j , by Proposition 2.5 there is an index preserving bijection r µ m j ,w n :
be the composition of i k, * and r µm j ,wn . The map
induced by the inclusion induces a map
The map σ induced by the inclusion is defined by σ([β]
). Note that σ is surjective (see [10, 1.7] ). It is easy to see the diagram commutes.
Definition 2.9. The induced homomorphism ψ = (f c(j) )
µ * in Proposition 2.8 will be called an associated homomorphism with ϕ c(j) . We define
where the disjoint union is taken over all equivalence classes [j] ∈ C(f A ), and m j := n/c(j) is an integer. Similarly, we define
If F f n ∈ FP (f n ) is a weakly common fixed point class of f n and f n A in the sense of [15, 2.2] , then the f -image of F f n is weakly common. Then we define the set of weakly common n-orbit classes of f and f A in O (n) (f ), and denoted it by O (n) (f, f A ). As in [2] , we have the corresponding set from an algebraic point of view as
is an (algebraically) weakly common n-orbit of ϕ and ϕ A if there exists a Rei-
ϕ , where m := n/c(j) and ψ is an associated homomorphism with ϕ c(j) . The set of all such weakly common n-orbits of ϕ and ϕ A will be denoted by RO (n) (ϕ, ϕ A ). We write RO (n) (f, f A ) for the cardinality of the set RO (n) (ϕ, ϕ A ).
Definition 2.11. The relative Reidemeister n-orbit number of f on the pair (X, A) is defined as
where RO (n) (f A ) is the cardinality of the set RO (n) (ϕ A ).
Note that if n = 1 then we can regard the fixed point of f as the base point in the corresponding component. Thus the associated homomorphism ψ is identical with the original one ϕ. So RO (1) (f ; X, A) = R(f ; X, A) is the relative Reidemeister number of f introduced in [2] .
Nielsen type relative essential n-orbit numbers
Recently we defined the essential n-orbit number EO (n) (f ) to be the cardinality of the set EO (n) (f ) of essential n-orbit classes in [10, Definition 3.1]. Since f -images of essential common fixed point classes of f n and f n A are essential common, we can define
as the cardinality of the set EO (n) (f, f A ) of essential common n-orbits of f and f A . Definition 3.1. The Nielsen type relative essential n-orbit number of f on the pair (X, A) is defined as
where
k ), the summation runs over all equivalence classes [j] ∈ C(f A ), and m j := n/c(j) is an integer.
Note that EO (n) (f ; X, ∅) = EO (n) (f ; X, X) = EO (n) (f ) is a Nielsen type number in the general sense of [9, III.4.8].
If n = 1, then EO (1) (f ; X, A) = N (f ; X, A) is the relative Nielsen number introduced in [11, 2.4 ].
As in [11] , the relative essential n-orbit number EO (n) (f ; X, A) satisfies the basic properties such as homotopy invariance, commutativity and homotopy type invariance. The proofs of Proposition 3.2, 3.3 and 3.4 are standard. Recall in [13] that a space X is said to be of Jiang-type if the following conditions are satisfied for all selfmaps f : X → X.
A Jiang-type result was proven in [2] for selfmaps f : (X, A) → (X, A). Extending that result, we have
Since X is a Jiang-type space and L(f n ) = 0, it follows that N (f n ) = R(f n ). By Proposition 2.3, the length of an essential n-orbit class is the same as the length of its coordinate. Thus we have EO (n) (f ) = RO (n) (f ). Also, since A is a Jiang-type space and
n A ) was proved in the proof of [2, 3.2](with f and f A replaced, whenever those occur, by f n and f n A respectively), thus we have
Fiber-preserving maps
First of all, we introduce our Reducing Lemma in [10] as the main tool of this section.
Reducing Lemma [10] . Suppose X is a compact connected ANR, and
Note that in the Reducing Lemma, d is the length of the g-orbit of x, and the g-orbit of x is a subset of f -orbit of x. In other words f i (x) is equals to g i (x) for all i = 0, 1, 2, . .
In this paper we will assume that all of our fibrations F → E → B (with projection p : E → B) are Hurewicz fibrations with typical fibre, E and B path-connected (see [12] ). We say that f : E → E is a fibre preserving map provided there is a well-defined mapf : B → B with pf =f p. When such a map exists it is unique, and when B is a path connected locally path connected space it is enough that for all b ∈ B the restriction of f takes the fibre F b := p −1 (b) to another fibre. For any b ∈ Fix(f n ), we will denote the restricted map on F b by f n b . For x ∈ E let j : F p(x) → E be the inclusion and K denote the kernel of the homomorphism
An addition formula of Reidemeister orbit sets for an arbitrary group endomorphism was proved in [10] . Applying that result to fibre preserving maps, we have Consider the exact sequence
. Then we have a commutative diagram of exact sequences of groups:
Hence the proof of the theorem is completed by [10, Theorem 1.14].
The following was also proved in [3] for n = 1.
where for a path µ from x to f n (x) in F b , the notation ψ stands for the induced endomorphism (f n ) µ * and similarly forψ. The notation ψ b stands for (f n b )
µ * /K . Note that we do not need the Reducing Lemma in the proof of it.
Proof. If the n-orbit class F (n) f containing b is irreducible, then d = n, so we have the corollary. set C(g ξ n ) has the same cardinality as the set ξ. Thus we have the last equality.
Also for the fibre preserving map g : (E, F ξ n ) → (E, F ξ n ), every essential n-periodic point class of g is essential common (see [4] ). By the definition of the relative essential n-orbit number, we have the first equality.
The following theorem is a generalization of [2, Theorem 5.2]. Proof. By homotopy invariance we have RO (n) (f ) = RO (n) (g). So without loss of generality (by rewriting g as f ), we may assume that ξ n isf -invariant and g is the same as f .
For each b = p(x) ∈ ξ, since π 2 (B) is trivial, we have the short exact sequence of groups
Suppose b ∈ ξ is in the essential n-periodic point class Ffn which in turn is in the essential n-orbit class F 
Let w be the base path for f from x to f (x) in E and f w * = ϕ. Then w n := wf (w) · · · f n−1 (w) is the base path for f n from x to f n (x) in E and p(w) =w is the base path forf from b tof (b) in B. Then we havē ϕ =fw * . Thus by using the constant path at base point as the pathc
